3unanue u ousnec, Knowledge and business

N KOHOMHKA M KOMIIIOTHPHU HAYKH
Economics and computer science

Hayuno cnucanue
A scientific journal
op. 4 /2017
Volume: 2017, Issue: 4

(T
1 thagpy

HN3naresncTtBo ,,3Hanue u OusHec* BapHa
Publishing house ,,Knowledge and business* VVarna



ENEKTPOHHO CMUCAHVE ,IKOHOMUKA 1 KOMMIOTBPHU HAYKK®, BPO 4, 2017,
TEMATWYEH BPOM ,CYETBOAOCTBO", ISSN 2367-7791, BAPHA, BbNrAPUS
ELECTRONIC JOURNAL “ECONOMICS AND COMPUTER SCIENCE”, ISSUE 4, 2017,
THEMATIC ISSUE “ACCOUNTING”, ISSN 2367-7791, VARNA, BULGARIA

NKOHOMUKA U KOMITIIOTBPHU HAYKH
ECONOMICS AND COMPUTER SCIENCE

Hay4yHo cniucanue
A scientific journal
Bpoii 4 / 2017
Volume: 2017, Issue: 4



ENEKTPOHHO CMIMCAHVE ,IKOHOMVKA M KOMMOTBPHM HAYKW®, EPOV 4, 2017,
TEMATWYEH BPOM ,CYETBOAOCTBO", ISSN 2367-7791, BAPHA, BbNrAPUS
ELECTRONIC JOURNAL “ECONOMICS AND COMPUTER SCIENCE”, ISSUE 4, 2017,
THEMATIC ISSUE “ACCOUNTING”, ISSN 2367-7791, VARNA, BULGARIA

Editorial board “Knowledge and business”
Prof. PhD Petko Shterev Iliev — Head editor, University of Economics Varna, Bulgaria
Assoc. Prof. PhD Svetlozar Dimitrov Stefanov — Deputy Head editor, University of Economics
Varna, Bulgaria
Assoc. Prof. PhD Julian Andreev Vasilev — Deputy Head editor, University of Economics
Varna, Bulgaria
Assoc. Prof. PhD Anastasia Stefanova Konduktorova — Scientific Secretary, University of
Economics Varna, Bulgaria
Julian Vasilev — prepress
Prof. PhD Marin Todorov Neshkov, University of Economics Varna, Bulgaria
Assoc. Prof. PhD Pavel Stoyanov Petrov, University of Economics Varna, Bulgaria
Assoc. Prof. PhD Sabka Dimitrova Pashova, University of Economics Varna, Bulgaria
Assoc. Prof. PhD Desislava Borislavova Serafimova, University of Economics Varna, Bulgaria
Chief Assistant Prof. PhD Todor Kostadinov Dyankov, University of Economics Varna,
Bulgaria
Prof. PhD Zdzislaw Polkowski, Uczelnia Jana Wyzykowskiego, Polkowice, Poland
Prof. PhD Stefan Bojnec, University of Primorska, Koper, Slovenia
Prof. PhD Young Moon, Syracuse University, Institute for Manufacturing Enterprises, USA
Prof. PhD Rajesh Khajuria, Gujarat Technological University, Ahmedabad, India
Dr. Amin Parag, SIES Colleague of Management Studies, Navi Mumbai, India



ENEKTPOHHO CMIMCAHVE ,IKOHOMVKA M KOMMOTBPHM HAYKW®, EPOV 4, 2017,
TEMATWYEH BPOM ,CYETBOAOCTBO", ISSN 2367-7791, BAPHA, BbNrAPUS
ELECTRONIC JOURNAL “ECONOMICS AND COMPUTER SCIENCE”, ISSUE 4, 2017,
THEMATIC ISSUE “ACCOUNTING”, ISSN 2367-7791, VARNA, BULGARIA

© HAYYHO CIITMCAHMWE NKOHOMHUKA U KOMITIOTbPHU HAYKHU
©SCIENTIFIC JOURNAL ECONOMICS AND COMPUTER SCIENCE
opoii 4, 2017 T.

Volume: 2017, Issue: 4

ISSN 2367-7791, Varna, Bulgaria

HEHTBHP 3A TTIPOGECHUOHAJIHO OBYUYEHUE ,,3HAHUWE N BU3HEC*
I'maBen penaktop: npod. a-p uk. H. [Terko Unues — ten: 0893 492 350

3am. 1. penaktop: goi. a-p Ceernozap Credanos — ten: 0878 362 245
3am. 1. pegakrop: aou. a-p FOnuan Bacunes — ten: 0882 164 711

Hayuen cexperap: gou. n-p Anacracus Konnykroposa — ten: 0882 164 846

[Ipenneuat: KOnuan Bacunes

9000, rp. Bapna, yn. ,,JI-p JI. 3amenxod* Ne 1

email: eknigibg@agmail.com



mailto:eknigibg@gmail.com

ENEKTPOHHO CMUCAHVE ,IKOHOMUKA 1 KOMMIOTBPHU HAYKK®, BPO 4, 2017,
TEMATWYEH BPOM ,CYETBOAOCTBO", ISSN 2367-7791, BAPHA, BbNrAPUS
ELECTRONIC JOURNAL “ECONOMICS AND COMPUTER SCIENCE”, ISSUE 4, 2017,
THEMATIC ISSUE “ACCOUNTING”, ISSN 2367-7791, VARNA, BULGARIA

CONTENTS

OIITUMUN3NPAHE HA TOBAPHUTE ITPEBO31 B MUKPOJIOI' MCTHUYHHA
CHICTEMUI ...ttt s 7

OPTIMIZING THE FLOWS OF GOODS IN MICRO LOGISTICS SYSTEMS..17

SECOND CONFERENCE ON INNOVATIVE TEACHING METHODS —
VARNA 2017. CONFERENCE SUMMARY AND EVALUATION REPORT ...18

QUADRATURE FORMULAS AND TAYLOR SERIES OF SECANT AND
TANGENT ..o 23



ENEKTPOHHO CMUCAHVE ,IKOHOMUKA 1 KOMMIOTBPHU HAYKK®, BPO 4, 2017,
TEMATWYEH BPOM ,CYETBOAOCTBO", ISSN 2367-7791, BAPHA, BbNrAPUS
ELECTRONIC JOURNAL “ECONOMICS AND COMPUTER SCIENCE”, ISSUE 4, 2017,
THEMATIC ISSUE “ACCOUNTING”, ISSN 2367-7791, VARNA, BULGARIA

Dear readers, we are pleased to inform you that on the
initiative of the Editorial Board of "Knowledge and Business"
Ltd., "Knowledge and Business" is a licensed publisher of the
scientific journal "Economics and Computer Science.".

Our thesis is that information technologies are used in all
areas of human activity. That is why the scientific journal
"Economics and Computer Science" is open to publications
from various fields of science and practice.

We are confident that the publications in the journal
contribute as enrichment of knowledge and to enhance the
effectiveness of the use of information technology in business.

Sincerely: Prof. Dr. Sc. Petko lliev



ENEKTPOHHO CMUCAHKE ,IKOHOMUKA V1 KOMMIOTBPHYM HAYKW®, BPOV 4, 2017,
TEMATWYEH BPOM ,CUYETOBOACTBO", ISSN 2367-7791, BAPHA, BbNrAPKS
ELECTRONIC JOURNAL “ECONOMICS AND COMPUTER SCIENCE”, ISSUE 4, 2017,
THEMATIC ISSUE “ACCOUNTING”, ISSN 2367-7791, VARNA, BULGARIA

OIITUMHN3UPAHE HA TOBAPHUTE IIPEBO3U B
MUKPOJIOT'MCTUYHU CUCTEMHA

Pagan MUPSIHOB!

! Mxomommaecku yHUBepcureT — BapHa
miryanov@ue-varna.bg

Pe3rome. B cratusta ce pasriekpaT MUKPOJIOTMCTUYHUTE CHCTEMH U € OTIIPaBeH
creru(UUEH TOTJIe]] KbM TOBapHUTE MPEBO3HM B TAX C LEJI ONTHMHU3HPAHETO MM. 3a
HenTa ca M3MON3BAaHM METOAW HA MOJCIHPAHETO M MAaTeMaTHYEeCKOTO ONTHMHpAHE.
IIpunoxumocTTa Ha pasriefaHuTe 3aJadydl M METOAM € HarjleJHO II0Ka3aHa B
MaTepuana ¢ KOHKPETHH NpUMepH. [IeMOHCTpUpaH € U eAMH MO-Pa3IMueH IMOAXOHd —
TO3M Ha MPEXOBOTO IUTaHHpaHe. [Ipy Hero 3a MUHMMH3UpaHe Ha JHHelHaTa Gopma ce
U3I10J13Ba MPEXKOB rpadUK U PElICHHETO Ha 3aj]adaTa ce OCHIIECTBsBA HA [BA €Tala —
IBPBO KAaTO KJIACHYeCKa TPAHCIOPTHA 3ajada, a Cled ToBa — C BKIIOYBAHETO Ha
JOIBIHUTEIHO OTpaHWYeHHe. B pe3ynTaT oT pemraBaHeTo Ha TE3H 3a1a4H CE OIPEAeIIsT
ONITHMAJHUTE TOCTaBKH, KOUTO CIIE[Ba Jla C€ OTYETaT IpH IIaHHPaHE Ha TOBApHHUTE
IPEBO3H B MUKPOJIOTUCTUYHU CUCTEMHU.

KiarouoBn JAYMH. MHUKPOJIOTUCTUYHU CHUCTEMH, TpaHCIOpPTHA 3ajada, MpEKOBO
IUTaHHUpaHe.

1. ¥Boa

KakTo ¢ u3BeCcTHO, €/IHO OT BaXKHHUTE HAMPABICHHUS 32 OCUTYpsIBAHE HA €(DEKTHBHO
CHa6}1$[BaHe " IIJIaCMEHT B I[I/ICTpI/I6yIII/IOHHaTa JIOTUCTHUKA € ,,MOACJIMPpAaHE U ONITUMHU3HUPAHE
Ha JIOTUCTUYHHM MIPOIIECH BHB BPB3Ka C YIIPABJICHUE HA Pa3XOJUTE [0 KaHAJIH 3a Peaslu3alius,
nmo mocpenuuiy U obexktu™ (bmaroesa u ap. 2009). 1 B Ta3u Bpb3Ka OCHOBHATA e HA
HacrosilaTa paspaboTka € Ja ce MpeJiokKaT Bb3MOXKHOCTH 3a ONTHMH3HpaHe Ha
TPAHCHOPTHUTE pa3XxOAW B MHKPOJOTHCTUYHM CHCTEMH IIpH OIleHKaTa M Hu30opa Ha
AITEPHATHBHH CTPATETHU HA TPAHCIIOPTHO OOCTYXKBaHE MEXK/Y JOCTABYUIIM M MMOTPEOUTEIIH.
PemaBaHeTo Ha Taka mocTaBeHUs po0IeM BbB BUJ HA €UHHA CKCTpEMaliHa 3a/1a4a BOJHU JI0
CJIO)KEH MAaTeMAaTHYECKH MOJICN, IMpaKTHYecKaTa pealu3alus Ha KOWTO € CBBp3aHa C
TPYAHOCTH OT W3YHCIIHTEIICH XapakTep, MOpagd KOeTo € IelnechoOpasHo ma Oble
JICKOMITO3MpaHa Ha JBE 3aJadd, KOUTO CleBa Ja OBJAT pellaBaHH IOCICIOBATEIHO.
[IspBOHaUYaNHO Cce pemaBa 3ajavyara 3a acOIMHUPaHE HAa MOTPEOUTEIHUTE OT JIOTUCTHIYHHTE
LEHTPOBE CHOTBETHO C 0a3uTe Ha moTpedutTenute (T. Hap. ,IpUKpenBaHe). B pesynrar ot
HEWHOTO pellaBaHe, 3ae/HO C PUKPEIBAHETO HA MOTPEOUTEIUTE KbM 0a3uTe, Ce ONpPEIeIIsT
CBIIIO Taka W TMOTPEOHOCTHTE HA TOCIECIHWUTE OT TpaHCIOpTHUpaHus Npoaykr. Cien ToBa
cresiBa Ja Obje pelleHa 3ajadyara 3a MPUKPeNBaHe Ha MOTPEOUTENIUTE, B TOBA YHCIIO M HA
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6a3I/ITe, KbM npeanpudaTudaTa  —  JOCTaBUUIIA. HMmenHo TOBa (& JJoTH4YCCKara
TMOCJICAOBATCIIHOCT, B KOATO C€ pCUIaBaT TC31 3a/la4u B HACTOAIIaTa pa3pa60T1<a.

2. IlocranoBKka u PeUICHHUE HA 3aJlaYUTE

IIpenmonara ce, 4e ca M3BECTHH:
N — npeanpusATHATa — HOTPEOUTETN HA TPAHCIIOPTUPAHHUS IPOAYKT;
p — IOCTaBUMLIUTE OT MUKPOJOTUCTHYHATA CUCTEMA;

b, — motpeGHoOCcTHTE Ha j-THs IOTPEGHTEN (j =1+ n);

L, — npomyckarensarta ciocoGHOCT K-TOTO JIOTMCTHYHO 3BEHO 10 OTHOLICHHE Ha
TPAHCTIOPTUPAHUS MIPOIYKT;

Cy; — TPAHCIIOPTHH DA3XOAU IO JOCTABKATA HA JAACHHsS IPOLYKT OT K-TOTO
JIOTUCTUYHO 3BEHO JI0 j-THS MOTPEOUTEIT;

X —
MOTpeOHTEN.

TBPCEHUSIT 00EM Ha JOCTaBKa OT K-TOTO JIOTMCTHYHO 3BEHO JO j-THSI

3agayata ce CBbCTOM B  TBHPCEHETO Ha  TaKMBa  4YHUCIA ij >0

(k =1+ P, j =1+ n), MUHUMU3HAPANTN QYHKIHAATA

p n
Z=3"% CX

k=1 j=1
(mpencraBisBamia CyMapHUTE TPAHCHOPTHH pPAa3XOIW), TPH CICIHUTE OTPAaHHYUTCITHH
YCIIOBUS:

1. KomuuectBata OT MpoAYyKTa, IIJIaHUpPpaHU 3a J0CTaBKa OT CBHOTBECTHOTO
JJOTUCTUYHO 3BCHO, HC TpH6Ba Jla TIpE€BUIIAaBaT HETOBaTa MPOIyCKaTCIHA

CIIOCOOHOCT

n
Do <L, (k=1+p).
j=1
2. TlorpeOHOocTUTEe HAa j-THs MOTPEOHTEN OT AaACHUS HPOAYKT TpsOBa Aa ObAaT

3a10BOJICHU

|
kzxkj =b,, (j=1+n).
=1

Ilo To3u HaumH ce MolydaBa Taka HapEUYEHUST OTKPUT MOJEN Ha Kilacuyeckara
TpaHCIopTHa 3a1a4a (AtanacoB 1 Muikosa 2011). B pesynrar ot HEHHOTO pelieHue, OCBeH
NpUKpENBaHe HAa  MOTpeOUTENUTE KbM  CHOTBETHHTE  JIOTMCTHMYHHM  3BEHa  OT
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MHKPOJIOTUCTUYHATA CHCTEMa, CE ONPEAEIAT ChIIO TaKa U 00EMHUTE OT IPOJYKTa, KOUTO €
HEoOX0/IMMO J1a ce TOCTaBAT 110 Bceku notpeburen (Munkosa u Hukomnaes 2012).
IIpogemkaBaMe ¢ pelICHUETO Ha ITOCTaBEHATa 3aJaua C OTYUTAHE PA3MPEAEIEHUETO
Ha HAJIMYHWTE 3aMacy OT IPOJYyKTa B HAYaJIOTO Ha IuiaHoBUs neproa. Heka ¢ Qy 1a o3Haunm
TE€3U 3aIacu OT MPOJYKTA.
Bcsiko TOTMCTHYHO 3BEHO YCIIOBHO C€ pas3ziesisi Ha ABE JacTh. B emHa oT TaX
TpoTycKaTeIHaTa CIIOCOOHOCT preMamMe Aa Obae paBHa Ha Ry , a npyrara

(L —R). (k =1+ p)-

BbBexame omie 03HaueHHATA:
1
ij
MpOMyCKaTeaHa cocoOHOCT Ry Ha j-THs mOTpeOHTeN;

2
Xig

THPCCHUAT obeM JO0CTaBKa Ha MHOpoAyKTa OT JIOTUCTUYHO 3BCHO C

THPCCHUAT obem JAOCTaBKa Ha IMpPOAYKTa OT JIOTUCTUYHO 3BCHO C

POIyCKaTeHa CocOGHOCT (Lk -R, ) Ha j-THs OTpe6UTE.
Io TO3M HAYMH € JJOCTATHYHO J]a CE ThPCH MHHUMYMa Ha (yHKIUATA
P n P n
M (G )+ CXe
Kj Kj i
k=1 j-1 k=1 j-1
1 2
NP TPUBHMATHATE OTPAHMYCHWS, HANAraHU HA NPOMCHIMBHTE X M Xy (Tyk M e enno

JOCTaThYHO TOJAMO TOJIOKHTEIHO YHCIo). B To3m cimydaii cienBa IOCIEROBATENHO Aa
ObmaT pemraBaHM JBE TPAHCIOPTHHU 33/7a4d. B mbpBuUs ciydail ce peliaBa TpaHCIIOPTHA
3ajjaya 3a JOTUCTUYHO 3BEHO C MPOIyCcKaTeIHa CIOCOOHOCT Ry , ciiel KOeTo 3a JIOTHUCTUYHO

3BEHO C HNPOINYCKAaTeIHa CIIOCOOHOCT (Lk -R, )

p n
ScHO €, U€ B cnyqaﬁ, KoraTto E Rk < E bJ , HAMEPCHOTO PCEHICHUC MOXKE J1a HC

k=1 j=1
6’b[[e OIITUMAJIHO. Hopa)m TOBA CjlieABa Aa C€ NMOCTHIIN IO CICAHUA HAUNUH:
p n
1. Axo z Rk 2 z bl , TO CJIC/iBa [1a C€ peIIn O6I/IKHOB€Ha TpaHCIIOPTHA 3a1a4a,
k=1 j=1

IIpu KOATO 3a JOCTaBUYMUIIM CJI€ABa Aa C€ IMpueMar JIOTMCTUYHU 3BC€HA C

MIPOIyCKaTelHa crocoOHOCT Ry.

p n
2. Axo sz < ij , TO B TO3M Ciydail ciieiBa Ja ce Qopmynupa 1o HOB
k=1 j=1

HayMH caMaTa 3a/1aja.
Jla ce HaMepu MUHUMYMBT Ha QYHKIHATA

P n
2. 2.0 (Xij + X )

k=1 j=1
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Ipy CJICAHUTC OrPaHUYCHUA:

foj =R,, (k:1+ p),
=t

T.C. 3allaCUTEC B CbOTBETHOTO JIOTHUCTUYHO 3BCHO TpSI6Ba U3LJ10 Ja 6’bﬂaT pasnpeaciicHu,

> % <(L —Ry).
-

T.C. KOJHUYCCTBOTO IPOAYKT, HAOCTAaBEHO OT k-ToTO JOrMCTHYHO 3BCHO, HC TpSI6Ba Ja
IMpeBHIIIaBa HEroBaTa IMPOMYyCKaTCIHa CHOCOGHOCT;

d 1 2 H

Z(ij +ij):bj (i=1=n),

k=1
T.€. NMOTPEOHOCTHTE HA j-THS IIOTPEOHMTEN OT pasTIekIaH HPOAYKT TpaAOBa ma ObIaT
3aJ0BOJICHH,

Xg 20, %G >0, (k:1+ p’j:1+n),

T.€. JJOCTaBKHTE OT IPOJYKTa cile/Ba Ja ObJaT peanHH.

CnenBa ga oTOENEXHUM, Ye JOIBJIHHUTETHO (HOpMynIupaHaTa 3ajada Moxe Aa Oble
peleHa KaTo OOMKHOBEHA TPAaHCHIOPTHA 3a/laya, HO 3a LieNTa € HeOOXOAUM CIEAHUAT peX 3a
HOATOTOBKA Ha M3XoJHATa MH(pOpManus. Besko JIOTHCTHYHO 3BEHO ce moApasJens Ha JBe
yacTH. BeBex/a ce GUKTHBEH MoTpeduTes ¢ 00eM Ha IOTPeOHOCTUTE

p n
b, =D L —2.b;.
k=1 j=1

TpaHcopTHUTE pa3xoJu 3a JOCTaBKa Ha €JUHHIIA TOBAp OT JIOTUCTUYHO 3BEHO C
MpoITycKaTesiHa COCOOHOCT Ry 10 PUKTUBHUS OTpeOUTEN ca paBHU Ha o0, @ OT JIOTUCTHYHO

3BEHO C MPOITyCKaTelIHa CIIOCOOHOCT (Lk - Rk) — paBHM Ha Hyna. Jla meMoHcTpupame

pElIeHNEeTo Ha TaKaBa 3ajava Ha 06a3a elMH eJIEeMEHTApEH yCIOBEH IpUMeEp.
Heka mpenmoyiioxkuM, dYe ca W3BECTHU [IB€ JIOTHCTUYHH 3BeHAa A; U Ay,
MpoITycKaTeJIHaTa BB3MOXKHOCT Ha BCSKO €IHO OT TAX IO OTHOIIEHWE Ha MPEBO3BAHUS

HPOAYKT € CBOTBETHO =110 u =120 emuuumm. 3anackt Ha WHPBOTO 3BEHO €
pony P

R1=70 , a Ha BTOPOTO R2 =0 emummmm. B Tpu myHKTa Ha TOTpebieHHE Ha

TpaHCoOpTUpaHus NpoayKT By, By, B; o6emure Ha notpedienue ca chotBetHo: by = 70, by =
20, by = 60 emununm. TpaHCHOPTHHTE pa3Xxomud IO JOCTABKaTa HAa MPOAYKTa Ha

JIOTUCTUYHUTE 3B€HA /10 ITYHKTOBCTC HA HO’I‘pG6J’I€HI/IC (ij ) ca J1aJ€HHU B Tabm.1.

Tabimma 1
B; B, Bs
A; 17 10 11
A, 15 11 10

10
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Tbit KaTO B IBPBOTO JIOTHCTHYHO 3BEHO MMa 3arac, MOJJICKAI Ha paslpeelicHUE,
TO € IeNIechoOpa3HO TOBa 3BEHO na OBJE pa3[esicHO Ha JIBE A1 " A2 , Thbl KaKTO €
MoKa3aHo B Ta01.2.

Tab6muma 2
V.
) "lv=15 | v,=9 | v,=10 |v,=0
i
o B B B B a
A 1 2 3 @ i
i
A u =0 | 17 | 10 |11 | 0 L -Ry=40
1 40
A1 p L,=110
. u =—1 | 17 | 10 [11 [ oo ~
A 20 50 Ri=170
15 10 10
A, u, =0 0 L, =120
70 10 40
b; 70 20 60 80

3a mpuBeeHUs] IpUMEp CyMapHaTa MOIIHOCT Ha JIOTHCTUYHHUTE 3BE€HA MPEBUILABA
obmust o6em Ha motpebnenue ¢ 80 emuHuIM. 3a pelIaBaHEeTO Ha 3ajJayaTa € BbBEJACH

¢bukruBeH norpeburen B b= 80 en. Ipuemame 3a TPAHCIOPTHU Pa3XOAH MO JOCTABKATA

Ha MPOAYKTH OT JIOTUCTUYHUTE 3BCHA Al u AQ 0 q)HKTI/IBHI/IH HOTpe6I/ITeJ'I PpaBHU Ha HYyIJIA,

a OT 3BEHOTO A1 - PaBHH Ha 0. 3a pelIaBaHEeTO Ha 3a/1a4aTa € U3MOJI3BaH U3BECTHUSIT METO
Ha ToTeHIanuTe (Tad. 2).

Kakto ce BmKAa OT MOJYyYECHOTO PEIICHHE, JOTMCTHYHOTO 3BCHO Al e M3IsI0
NPUKPENCHO KbM peanHuTe notpebutenu. ToBa o3HauaBa, 4ye 3amacUTe B JIOTHCTHYHOTO
3BEHO A1 ca pasnpezeneHd. HamepeHOTO pelieHHe onpenelisi KOJMYECTBOTO OT MPOAYKTa,
KOETO € HeoOXOIUMO Jia Ce JOCTAaBH OT JIOTMCTHYHHUTE 3BeHa 10 notpebutenute. OcBeH

TOBa, CyMaTa OT JOCTABKUTE Ha MPOAYKTA OT ABCTE JIOTUCTUYHHU 3BCHA Al u AZ J10 BCUYKH

peaHu OTPEOUTEIH ONpeiesst MOTPeOHOCTHTE Ha 3BEHATa OT JaJeHUs MPOIYKT.

[To-cnoxHa 3a1a4a BB3HUKBA MPH MPUKPENBaHE HA MOTPEOUTENN KbM JIOTHCTUYHU
3BEHA WU NPEANPUATUS — IPOU3BOJUTENH, B CIIydall KOraTo ce TPaHCIOPTUPAT ONAKOBBYHU
eMHUIM (IaKeTHpaHW HEJENMMH TapTHIM OT TOBapa), TbH Karo B TO3M Cly4ald Ha
MPOMEHIMBUTE BEJIMUUHU CE Hajlara AOMbIHUTEIIHO U3UCKBAHE 3a LEJIOYUCIIEHOCT.

IIspBoHayamHO ce pasraexja 3ajadara 3a ONTHMAJIHO IPHUKPENBAaHE Ha
NOTPEOUTENN KBbM NPENNPHUATUS — JIOCTABYMIM 3a Clydas Ha JUCKPETHO W3MEHSIIN ce
OpOMKH OT ONTAKOBBYHM EIMHMITH. 32 [IeJITa BbBEKAAME CIICTHUTE O3HAYCHUS:

11
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bj — KOJIMYCCTBOTO Ha OINIAKOBBYHUTC CAMHHUIIM, KOUTO € HeO6XOL[I/IMO Ja ce

JOCTaBIAT Ha J-THsA MOTpeOUTEI (j =1+ n) (b j C¢ 3amaBa C OTYMTAHC HA CaMHTe
OIMAKOBBYHH €IUHUILIN);

ai - KOJMYECTBOTO Ha MNPOAYKTa, IMOMAJICKAIIO Ha JOCTaBAHC OT i —Ttoto

TPEINPHUATHE — JOCTABUUK (I =1+ m);
Cjj— TPAHCIIOPTHH PA3XO/IH 110 T0CTABKA HA NPOIYKTH OT I=THSI JI0 J-THs TYHKT;
G — rojieMHMHA Ha OIIAKOBBUYHATA €UHULIA;
X;;— TBPCCHUAT obeM Ha JIoCTaBKa OT I-THs TOCTABYKK JI0 j-THsI MOTPEOUTEI.

HeobxonmuMo e nma ce HamepsaT HEOTPUIATENIHH CTOMHOCTH Ha MPOMEHIUBHUTE,
MUHHMHU3UPALIY THHEHHATa hopMma
m n

F=>2>cX
=1l j=1
MPU OTPAHUYCHUS:
1. TlotpebHOCTHTE Ha j-THs MOTPeOHTEN TPsIOBA 1a OBIAT 3aI0BOJICHU

M -
> x;=b; (j=1+n).
i=1
2. KomnuectBoTo Ha npoaAyKTa, AOCTAaBCHO OT i-THs JOCTaBYHMK HE Tp;IGBa Ja

IpeBHIlIaBa Bb3MOXKXHUTC MOITHOCTHU Ha NPCANIPUATUCTO — JOCTABUNK

n
> x; <b (i=1+m).
j=1 ’
3. OOembT Ha JmocTaBKaTa TpsiOBa Jia Objie KpaTeH Ha OTIAKOBHUHUTE €MHHITH

xij € {KG}, (i=1+m, j=1+n),
KBJIETO K € 1710 HEOTPHUIATEIHO YUCIIO.

MaTemMaTH4eCKOTO PEIEHUE Ha TAaKaBa 3a/[a4a He MPEJICTABIIsABa 0COOEHA TPYIHOCT.
HeobxomuMo € na ce pasgemst Q; (i =1+ m) n b, (J =1+ n) Ha TOJIEMHHATa Ha
ONaKkoBbYHATA eMHMIA (TIPEATIONara ce, Ye U3X0oHaTa MH(OpPMAalus € MOATOTBEHA TaKa, Y€
al )5 b] Jla ca KpaTHHU Ha OIMaKOBBYHUTEC CHHHHHI/I) " a C€ pe€lin CbOTBETHATA TPAHCIIOPTHA

3ajaya. Kakro e HU3BECTHO, AJTOPUTBMBT 3a PCHIABAHC Ha TPAHCIOOPTHATA 3aJiada Hpu

HallpaB€HUTE MNPCAINMCAaHUA BOAW A0 HaAMHpPAHE Ha LECJIOYUCICHU PCHICHUA (}KGJ’IS{SKOB&
2017).
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3. MeTox Ha MPeKOBOTO IUIAHMPAHE

3a pemaBaHeTo Ha MOJOOHM 3aaddl MOXKE N1a C€ IIOCTBIH IO CIICIHWS HAYMH.
Paznmensame moTpeOHOCTHTE HA BCEKH MOTPEOUTEN HA HAKOJIKO YAaCTH, TaKa 4e BCAKA €HA OT
TAX Ja ObJe paBHA Ha €JHAa OT OMaKOBBYHHTE enuHHUIH. ClleZoBaTEeNHO, MO TO3H HAYWH

MOJXKE Jla Ce pasriekIaT MOTPEOUTEIUTEe ¢ MOTPEOHOCTH Gy (y =1+ r), kpaero G u ©

€lIHa OT OITAKOBBYHHUTE CAUHUIHN. AKO C Ci,u O3HA4YUM TPAHCHOPTHUTE PasxodH IO TOCTaBKa

Ha MPOJYKTa OT i-TUS MYHKT B u-THs, TO 3ajadaTa MOXe Jaa ce (GopMyaupa MO CIeTHUs
Ha4yuH:
Ja ce HamepsaT TakuBa HEOTPULATESIHU CTOMHOCTM Ha MPOMEHJIMBUTE

X u (i =1+n, M =1+ r) MUHUMH3HAPAITH (YHKIHASTA:

m r
F= Z Z Ciﬂ Xiﬂ
i=1 u=1
[IpU CIIEITHUTE OTPaHUYUTEIIHHU YCIIOBHUS:

1. ;Xi” :Gﬂ,(,u:1+r),

2, ixiﬂ <a,(i=1+m),

u=l
3. X, € {O,Gﬂ}, u=1l+r.

3a pemaBaHe Ha (opMylIHpaHaTa 3ajada Moxe Aa ObJe U3MOI3BaH METONBT HA
MpPEXKOBOTO IUIaHUpaHe. [IpmemMame 3a BpBX Ha MPEXOBUS TpapHUK TOYKa, HA KOATO
CBHOTBETCTBA HA0Op OT M uymcna (BCSIKO OT Te3M 4YMCIA IPEACTaBisiBa IEJI0YUCIICHA
KOMOMHAIMS OT 3aJaJIecHUTe OINAaKOBBYHU EIMHUIM W HE IPEBHIIaBA CHOTBETHUTE
HAJIMYHOCTHU 4, ), T.€ TEXHUST OpOi Ja CbOTBETCTBA HA TO3H Ha MOTPEOUTEIHTE.

H’BpBOTO YHCJIO TII0OKa3Ba K4KBO KOJUYECTBO OT MNPOAYKTa CcCJieABa Jda CC
TpaHCIIOpTHUPA OT IIbPBHUA AOCTAaBUYUK OO0 BCHUYKHU HOTp€6I/IT€J'II/I, BKJIHOYUTCIHO OO0 WU-TuA,

BTOPOTO — OT BTOpHUA JOCTABYHK U T.H. 3a ABJDKMHA HAa AbIr'UTe CC NprueMaT BECINIUNHUTE Ci,u

- TPAHCIIOPTHUTE Pa3XO/IH.

[MocTposiBanero Ha MpexoBus rpaduk 3anousa ¢ Bbpxa 0;. Besika m3nmzama ot
HEro Abra onpenesisi TPAHCIOPTHUTE Pa3sXOAu MO MPEeBO3a Ha MPOIYKTA OT i-THsl JOCTaBYUK
JI0 TbpBUsL NOTpeOuTen. B HOBoOmoOIydeHWTE BBPXOBE HAOOpUTE OT 4YMCIAa MMAT BHAA

(0,0,...,G#,O,...,O). OT BCEkM OT IMOJYYEHHUTE BBPXOBE H3IU3aT JIbIH, 3aJaBalld

TPAaHCIIOPTHUTE PAa3XOAW IO MPeBO3a Ha MPOAYKTa OT I-THUS JOCTaBYMK 10 BTOPHS
MOTPEeOHUTEN.

JIBa BBpXa OT MPEXKOBUs TpadHK ca ChEAWHCHH C IBIH B TO3H M CaMO B TO3H
CiIydai, ako BCEKH JIBE OT YHCJIaTa Ha Ha0opa ChBIAJAT, OCBEH SIHO, KOETO CE Pa3jindaBa OT
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qucjiaTta OT MNpeAXOAHUA Ha60p caMO II0 TOJICMHHaATa Ha OIlaKOBbYHaATa CIHUHUIA.
HOCTpOHBaHeTO npoabJIKaBa J0TOraBa, 10KaTo 6’I)L[aT 00XBaHATH BCUYKHU HOTpe6I/ITeJ'II/I.
B’LpXOBeTe, CBhOTBCTCTBAIIM Ha IOCJIICIHHA HOTpe6I/ITeJ'I, CC CbCAUHABAT C ObI'U B
TOYKa 02. ﬂLﬂ)KI/IHI/ITe Ha TE3U AbI'u C€ MpueMar paBHU Ha HYJIA.
B 06HII/I$I cnyqaﬁ Ha60p’I)T OT YUcCjaTa IMpyu BCEKU OT BbPXOBCTC MMa BUAA:

(Ky Ky Ko )l

1u? 2purtt mu

kprero K, =k; G, K, - usno neorpuuarento auco.

ITo TakbB HA4YMH CE€ MOCTPOSIBA MPEXKOB IpadMK, CHOTBETCTBAILI Ha IIOCTABEHATa
3agava. BBB Bph3Kka ¢ TOBa, Ye IBJDKMHATA HA IBIHTE B TAKBB MPEXKOB IPadyK IPEICTaBAT
MO0 CHUIECTBO TPAHCIOPTHUTE Pa3XOJH, TO Hal-KpaTKHAT IbT Mexay Toukure 0; u 0, 3anaBa
ONTHMANHUS TUIaH. MeTOIbT 3a HaMUpaHe Ha Hai-WKOHOMHYHHS MaplIpyT € H3BECTCH
(Munkoa u Muxaiinos 2016).

Jla nemMoHCTpupame IOCTPOSIBAHETO HA MPEXKOBHUS IpaUK MOCPEJCTBOM CIICTHUS

npumep. Hanuue ca Tpu noctapumim Ha npoykr, choteetio @ =10, a, =13 u a, =17
eNMHWIM M HeTHpH ToTpebuTemu ¢ obem ma motpeGnemme 0, =4, b, =4, b, =4,

b4 = 9 . V3BecTHH ca M ONAaKOBBYHUTEC EAMHHUIU Gl = 4 y GZ = 9 U TPaHCIIOPTHUTC
pa3xoau, KOUTO €a 3aliMCaHu B TOPHUTC ACCHU BIJIN HA Tabm.3.

Tabmura 3
V' = —
N |18 v=1L | w=1d =4 | YT 2
i
Bj
A B, B, B, B, B, ai
i
_ [13 [18 [ 14 [ 4 [0 ]
A |u=0 5 0 5 10
[ 12 | 10 | 24 | 24 0
A ju,=+1 2 2 [0 13
_ [ 10 | 25 | 16 | 18 [0 |
A | u,=-2 2 13 17
b, 4 4 9 19

[MocTposiBame MpexoBusi rpaduk (¢pur.l) ¥ THPCHM HaM-KpaTKus NIBT MEXIY
toukure 0; u 0, Ha To3m Hali-KpaThK I'BT CHOTBETCTBA ONTHMAJICH IUIAH, ONpPEJENeH B
Tabnuma 3.

B cnyuaute, xoraTo 3ajadata € C rojsiMa Pa3sMEPHOCT, MOXKE Oa ce M3I0N3Ba
MPHUOIIMKEH METOI.

Pemrenrero Ha 3amayara Moke Ja ObJie OCBIIECTBEHO Ha JBa erama. Ha mbpBus
eTar ce pelaBa 3ajavyara 3a HaMHpaHe Ha MHHMMyMa Ha QyHKuusta F npu mbpBuTE ABE
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OTPAaHUYHUTEIIHU YCJIOBUS, T.C. KJIACHUECKaTa TPAHCIOPTHA 3amada. Ha Bropus eram ciieisa
Jla ce KOPUTUPA TOJIYUCHOTO PEIICHHE C IIeJ OTYUTAHE M HA TPETOTO OrPaHUUYCHHE.

Cren mbpBUs €Tal 3a MPUKPEIICHU Ce MpUeMaT 00EMHUTE, KPATHH Ha OMAKOBBYHHUTE
enuHuIm. Ha BTOpHs eTam mpemMeT Ha pasmiiexkIaHe ca OCTaHAIUTe 00eMHu. 3a TSIXHOTO
MPUKPETIBAHE CJIC/[Ba MOCICIOBATEIHO J1a OBJaT pellaBaHu PeIuila TPAHCIIOPTHH 3a1aun. B
HAYalloTO Ce pelllaBa 3a/adyara 3a MPHUKPENnBaHe Ha MOTPEOUTENUTE, B KOUTO Ca OCTAHAIIU
o0emm, KpaTHH Ha ONMaKOBBYHMTE enuHUNN. Cien ToBa cie/iBa na Obe pelieHa 3agajdara 3a
NpPUKpPENBaHe, MPHU KOSITO C€ PAa3MIIeKAAT MOTpeOUTENH, UMaIld O0eMH, KpaTHH Ha
cieaBallaTa BEJIMYMHA JOCTAaBKa U T.H.

(8.13,0)

/ \25 (440) R

// //"(4,0.8) /'?0.12,9)

X 4
@04 24 18— "19.8.4)

'\ 040
24—012,0
° 0,8,13)
\0/18 16 //fj(_’ -
004710 ~. 4 098
25 (0.4 — s, — ©138)
— = 2h———{04.17)
e 24 {0,4.87“‘\18
008) =1
\o:_;i (9.6.]2)
(0,0,12) 16
(0,9.12)
Dur.1
4. U3Box

B pe3yaTar OT p€UIaBaHETO Ha TE3U 3aJa491 KbM JIOTUCTUYHHUTEC 3BCHA Ca IMIPUKPETIICHU
HOTpC6I/ITeHI/ITe 1 ONpEACICHU ONTUMAIIHUTE PasMEpH Ha MmapTuaaTra Ha JOCTaBKa 3a BCEKHU
OT TiX. CJ'IGI[OBaTeJ'IHO JocCTaBKara OT JIOTUCTUYHHUTC 3BCHA € HCO6XOI[I/IMO Ja 6’LH€
IUIaHUpaHa II0 TaKbB HAa4YWH, 4Y€ PasMCpUTE Ha HNAPTUAUTEC IIPU OKOMIIJICKTOBAHCTO Ha
TOBAPHUTE NPEBO3U Aa CbOTBETCTBAT HA MOJYUCHUTE 3HAYCHUSA HA TOBAPHUTE CAUHULIN.

15



ENEKTPOHHO CMUCAHKE ,IKOHOMUKA V1 KOMMIOTBPHYM HAYKW®, BPOV 4, 2017,
TEMATWYEH BPOM ,CUYETOBOACTBO", ISSN 2367-7791, BAPHA, BbNrAPKS
ELECTRONIC JOURNAL “ECONOMICS AND COMPUTER SCIENCE”, ISSUE 4, 2017,
THEMATIC ISSUE “ACCOUNTING”, ISSN 2367-7791, VARNA, BULGARIA

JIureparypal/Literature

Atanasov, B. and Milkova, T., 2011. Quantitative Methods in Logistics. - Varna: Univ.
Ed. "Science and Economics” (in Bulgarian).

Blagoeva, S. and others, 2009. Economic Logistics. Varna: Univ. Ed. "Science and
Economics” (in Bulgarian).

Zhelyazkova, D., 2017. Transport logistics. Varna: Univ. Ed. "Science and
Economics" (in Bulgarian).

Milkova, T. and Mihailov, D., 2016. Investigation of Operations. - Varna: Univ. Ed.
"Science and Economics" (in Bulgarian).

Milkova, T. and Nikolaev, R., 2012. Models for optimal attachment of users to
suppliers. Years. Icon. N. - Varna, 84 (in Bulgarian).

16



ENEKTPOHHO CMUCAHKE ,IKOHOMUKA V1 KOMMIOTBPHYM HAYKW®, BPOV 4, 2017,
TEMATWYEH BPOM ,CUYETOBOACTBO", ISSN 2367-7791, BAPHA, BbNrAPKS
ELECTRONIC JOURNAL “ECONOMICS AND COMPUTER SCIENCE”, ISSUE 4, 2017,
THEMATIC ISSUE “ACCOUNTING”, ISSN 2367-7791, VARNA, BULGARIA

OPTIMIZING THE FLOWS OF GOODS IN MICRO
LOGISTICS SYSTEMS

Radan MIRYANOV?

! University of Economics, Varna, Bulgaria
miryanov@ue-varna.bg

Abstract. In the present paper micro logistics systems are observed with a specific
glimpse at the flows of goods in them, aiming their optimization. For this reason some
aspects of methodology of modelling and mathematical optimization are used. The
practical implications of the problems and methods concerned are demonstrated with
particular examples. A different approach is also revealed — the so called network
planning. It uses network graphics for minimizing the linear form and the solution is
split into two — first as a classical transportation problem, then with another constraint
added. Finally, as a result, the optimal quantities are determined and they must be taken
into consideration when planning the flows of goods in micro logistics systems.

Key words: micro logistics systems, transportation problem, network planning.
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SECOND CONFERENCE ON INNOVATIVE TEACHING
METHODS - VARNA 2017. CONFERENCE SUMMARY
AND EVALUATION REPORT

Julian VASILEV?, Miglena STOYANOVA?

! University of Economics, Varna, Bulgaria
vasilev@ue-varna.bg

2 University of Economics, Varna, Bulgaria
m_stoyanova@ue-varna.bg

Abstract. The purpose of this paper is to present the process of organizing, conducting
and evaluating a conference. The conference is Second conference on innovative
teaching methods (http://conf.000webhostapp.com). The conference was organized by
University of Economics Varna within the DIMBI project (www.dimbi.eu) in Swiss-
Belhotel Dimyat Varna. Data for this paper is collected through an online questionnaire
with 20 questions using Google forms. Using descriptive statistics and manual text
mining techniques the conference evaluation report is created. The conference summary
report is given in sections 1 and 2. The conference evaluation report is given in section
3.

Key words: DIMBI project, conference evaluation

1. Preparation for the conference

The 2nd conference on innovative teaching methods (http://conf.000webhostapp.com)
was the second multiplier event within the DIMBI project (www.dimbi.eu). The conference
was organized by University of Economics Varna. It was held in Swiss-Belhotel Dimyat
(http://www.swiss-belhotel.com/bg-bg/swiss-belhotel-varna), Perla hall, on 28 and 29 June
2017. A paper template and a flyer are created and uploaded on the conference web site.

The total number of participants was 71. They were 24 foreign participants and 47
local participants (from Bulgaria). The initial project goal was to have 10 foreign participants
and 40 local participants. This goal is achieved. The local participants from universities in
Varna were 32. The local participants from other Bulgarian towns (Sofia, Svishtov and
Shumen) were 15. Foreign participants were from Poland (Polkowice, Wroclaw, Szczecin
and Katowice), India (Navi Mumbai and Ahmedabad), Romania (Sibiu and Pitesti), Ukraine
(Dnipro) and Serbia (Novi Sad). The book with conference proceedings contains 39 papers
written by 67 people. Some papers are written by several authors. The book with conference
proceedings is 254 pages so far. The average paper length is 6.5 pages. Several papers are
still expected — to pass the review process and plagiarism check and to be added to the
conference proceedings.
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The conference organizers received 41 papers. 2 papers are rejected. 6 papers are
returned for revising due to bad style or plagiarism. The authors of these 6 papers have
revised them. The papers passed again the review process and plagiarism check and they
were included in the conference proceedings. 33 papers are accepted without revisions.
Three people were engaged with plagiarism check and one person with the review process.

The conference proceedings are visible on the conference web site — they are
published online with an ISBN. The book with conference proceedings is indexed in RePEc
(http://econpapers.repec.org/bookchap/vrndimbip/23.htm).  According  to  Christian
Zimmermann (web master of RePEc) the page views of the conference proceedings
(http://econpapers.repec.org/bookchap/vrndimbip/) in RePEc during June 2017 are 64. The
file downloads from RePEc during June 2017 are 25. (See
http://logec.repec.org/scripts/seritemstat.pf?h=repec:vrn:dimbip).

2. Conducting the conference

From all 71 participants: 39 people attended the conference physically, 3 people
participated with posters during a poster session, 29 people participated remotely. 4 people
attended the conference without participating with a paper. Members of the DIMBI project,
who took part in the conference, are 3 people from University of Economics Varna, 1 person
from Jan Wyzykowsky University in Polkowice and 1 person from University of Economics
Wroclaw.

During the conference several coffee breaks were provided. Lunch and dinner were
also provided for the conference participants. Three twin rooms were also used by
conference participants coming from Sofia, Polkowice and Navi Mumbai.

3. Conference evaluation

The conference evaluation is conducted through an anonymous online questionnaire,
send to 59 participants (42 local participant and 17 foreign participants). 28 answers are
received. The response rate is 47%.

The conference survey was conducted after the conference (29 June — 03 July 2017).
The received answers are converted into an XLSX file and after that — to a SAV file for
PSPP or SPSS. Coding of variables is done. Using descriptive statistics several tables with
aggregated data are created. Conference satisfaction is measured with questions Q1-Q12
(table 1).
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Table 1.
Results of the questions concerning conference satisfaction (Q1-Q12)
Given answers (in %)
Questions L 2 3 4 >

Strongly Strongly

disagree agree
Q1. | am satisfied with the conference as a 0.0 0.0 36 | 250 714
whole
Q2. 1 h_ad time to look at the conference 0.0 36 36 | 286 643
proceedings before the conference
Q3. Some papers in the conference
proceedings attracted my attention. | plan to 0.0 0.0 | 10.7 | 357 53.6
contact the authors of these papers.
Q4. The event met my expectations. 0.0 0.0 36| 286 67.9
Q5. The conference program was well
organized. 00| 00| 36| 179 78.6
Q6. The event was well prepared. 0.0 0.0 36| 214 75.0
Q7. The organisers were helpful. 0.0 0.0 00| 143 85.7
Q8. The atmosphere was friendly. 0.0 0.0 36| 179 78.6
Q9. We had a chance for remote
participation in the conference. 0.0 00| 1431 250 60.7
Q10. | exten_ded my knowledge in 0.0 0.0 36 | 286 67.9
innovative teaching methods.
Q11. The conference web site was useful. 0.0 0.0 | 10.7 | 143 75.0
Q12. The catering during the conference 0.0 0.0 36 | 107 857
was OK.

Source: Own calculations in PSPP

71.4% of all respondents are satisfied with the conference as a whole. The conference
satisfaction in different dimensions is measured with questions Q2 to Q12. 64.3% of the
respondents had time to look at the conference proceedings before the conference. 53.6% of
the respondents plan to contact the authors of some of the read papers because they attracted
their attention. 67.9% of the respondents strongly agree that the event met their expectations.
78.6% of the respondents strongly agree that the conference program was well organized.
75% of the respondents strongly agree that the conference was well prepared. 85.7% of the
respondents strongly agree that the organizers were helpful. 78.6% of the respondents
strongly agree that the atmosphere was friendly. 60.7% of the respondents strongly agree that
they had a chance for remote participation. 67.9% of the respondents strongly agree that they
extended their knowledge in innovative teaching methods. 75% of the respondents strongly
agree that the conference web site was useful. 85.7% of the respondents strongly agree that
the catering during the conference was OK.

Respondents were asked the possible reasons for attending the conference. They had a
chance to mark more than one reason (table 2).
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Table 2.
Results of the questions concerning the reasons for attending the conference
(Q13.1-Q13.5)

Given answers (in %)
Questions The option The option is
is checked not checked

Q13.1. The conference proceedings are
indexed in RePEc 714 286
Q13.2. There is no conference fee 50.0 50.0
Q13.3. The conference is in Varna 60.7 39.3
Q13.4. | have the opportunity to meet new
colleagues 67.9 821
i?jiij I have the opportunity to exchange 821 179

The strongest reason for attending the conference was the opportunity to exchange
ideas. This reason is followed by the fact that the conference proceedings are indexed in
RePEc. Almost 2/3 of the respondents attended the conference because of meeting new
colleagues. The absence of a conference fee was not a strong reason for attending it.

Since respondents had the chance to mark several reasons, the number of reasons is
aggregated by the number of respondents (table 3).

Table 3.
Results of the questions concerning the reasons for attending the conference
Count of reasons to attend the
conference
1 (one reason was marked)
2 (two reasons were marked)
3 (three reasons were marked)
4 (four reasons were marked)
5 (five reasons were marked)
Total 2

Number of respondents

(OO |B(Wwlo

Ql4 is an open text question “If you have recommendations to the conference
organizers, please, write them here”. Three people said that they do not have any
recommendations. Five people wrote: “should be continued”, “Well done!”, “Keep doing the
great job!!!”, “When will be the next conference?”, “I am interested in the organizers'
research”. 20 people did not give any recommendations.

Q15 is oriented to checking if the participant is “local” (from Bulgaria) or “foreign”
(from abroad). 82.1% of the respondents are “local”. 17.9% of the respondents are “foreign”.
The ratio between local and foreign participants in the respondents (n=28) is 23/5 = 4.60.
The ratio between local and foreign participants in the population (N=71) is 47/24 = 1.96.
Local participants were more active in filling in the survey. One of the possible reasons for
this discrepancy was the fact that several papers from foreign participants were sent to the
organizing committee after finishing the conference evaluation survey period (29 June — 03
July 2017).
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Q16 is oriented to the preferences of people to participate in a conference — to attend
physically or to participate remotely. 82.1% of the respondents prefer ,to attend a
conference®. 17.9% of the respondents prefer ,,to participate remotely*.

Q17 is about the review process and plagiarism check. 67.9% of the respondents said
that their paper was ,,accepted without revisions*. 21.4% of the respondents said that their
paper was ,,accepted with minor revisions®. 10.7% of the respondents did not answer this
question.

Q18 is “How did you hear about the conference?” — a question with multiple choice
answers. The aggregated results are given in table 4.

Table 4.

Aggregated results on question Q18 about the conference invitation

Types of conference invitation Percent
Conference web site; e-mail from colleagues 3.6
E-mail from colleagues 39.3
Personal invitation 42.9
Personal invitation, conference flyer, conference web site 3.6
Personal invitation, conference web site 3.6
Personal invitation, e-mail from colleagues 3.6
No answer 3.6
Total 100.0

Informing researchers about the conference was done using several methods. The
most useful one was “personal invitation”.

Q19 is “What was the most useful aspect of this conference?”. 57.1% of the
respondents gave an answer to this question. 42.9% of the respondents did not answer it.
Several respondents wrote “meeting colleagues”, “exchanging ideas”, “exchanging useful
ideas”, ,knowledge exchange“, “internationalization”. Oher participants answered
“collaboration with participants”, “international participants”, “relationship between
academic participants and different views in scientific area”, ,,KISS (keep it simple and
small) approach, thus — very useful®, ,,new experience for me presenting in English*.

Q20 is about gender. 50.0% of the respondents are male, 42.9% — female, 7.1% — did
not answer this question.

4. Conclusion

The second conference on innovative teaching methods (ITM 2017) was well
prepared and well organized according to the opinions of conference participants. The
conference met their expectations. Most of them strongly agree that they are satisfied from
the event.

The results in this study are based mainly on descriptive statistics using the answers
of a conference evaluation survey. Future research may focus on creating cross-tables using
the same answers.

The underlying structure of the conference satisfaction scale may be measured by
factor analysis (principal component analysis — PCA). The PCA is not suitable for our
dataset because there should be 150+ cases. But PCA may be useful for bigger conferences.
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Abstract. Second-order quadrature formulas and their fourth-order expansions are
derived from the Taylor series of the secant and tangent functions. The errors of the
approximations are compared to the error of the midpoint approximation. Third and
fourth order quadrature formulas are constructed as linear combinations of the second-
order approximations and the trapezoidal approximation.

Key words: Quadrature formula, Fourier transform, generating function, Euler-
Mclaurin formula.

1. Introduction

Numerical quadrature is a term used for numerical integration in one dimension.
Numerical integration in more than one dimension is usually called cubature. There is a
broad class of computational algorithms for numerical integration. The Newton-Cotes
quadrature formulas (1.1) are a group of formulas for numerical integration where the
integrand is evaluated at equally spaced points. Let h=(b-a)/n.

thkf(b kh) ~ f F)dx. (L.1)

The two most popular approxmanons for the definite integral are the trapezoidal

approximation (1.2) and the midpoint approximation (1.3).

h n-1 b
Abf) = f@) +2 Z fla+kh) + f(b) | = ff(x)dx +0(h?), (1.2)
k=1 a
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Al () = hz fla+ (k+1/2)h) = ff(x)dx +0(h?). (1.3)

The midpoint apprOX|mat|0n and the trape20|dal approximation for the definite
integral are Newton-Cotes quadrature formulas with accuracyO (h?). The trapezoidal and the
midpoint approximations are constructed by dividing the interval [a, b] to subintervals of
length h and interpolating the integrand function by Lagrange polynomials of degree zero
and one. Another important Newton-Cotes quadrature formula is the Simpson’s
approximation. The Simpson’s approximation has fourth-order accuracy and is obtained by
interpolating the function by a second degree Lagrange polynomial. Denote by EX f(x) and
ER f (x) the errors of the trapezoidal and the midpoint approximations.

b b

ELF(x) = Abf(x) — f FQ)dx +0(h?), ELF () = Alyf (x) — f f()dx + 0(h?).

a a
From the Euler-Mclaurin formula the error of the trapezoidal approximation on the
interval [a, b] is expressed as
m

Eff() = ) =2 (f@D(b) - F2--D(a)) h2* + R, ()h2™, (1.4)

(Zk)'
b

Rin() = f B (= 3) rem©at,

where B,(x) = B,({x}) = B,(x — [xJ) is the Bernoulli 1-periodic function and
B,(x) = Zzo(z)Bn_kxk is the Bernoulli polynomial of degree n. The error of the midpoint
approximation satisfies (Kouba 2013)

21 2k _ 1B
Eif () = Z—( (Zk)!) H(FED ) ~ OV @) 2+ R (R, (15)
k=1

b
- a+b t
—__)r@m
) = ),fB ( - )f (Ddt.

The terms RT,, (k) and RY, (h) satlsfy lim,_,o RY,,,(h) = lim,_, RY,(h) = 0, when
the function f(x) € sz[a b]. From (4), (5) and m =2 we obtain the fourth-order
expansion formulas (2.1), (2.14) of the trapezoidal and midpoint rules. The midpoint
approximation is around two times more accurate than the trapezoidal approximation. The
Simpson’s approximation is constructed as a linear combination of the midpoint
approximation and the trapezoidal approximation with weights 1/3 and 2/3. With this
choice of the weights the second-order terms of expansion formulas (1.4) and (1.5) are
cancelled and the Simpson’s approximation has an accuracy 0(h*).

The Gaussian quadrature formulas Y.z_; wy f (x;) are approximations for the definite
integral where the integrand is evaluated at unequally spaced points (Gil et al. 2007). The
Gaussian quadrature formulas are constructed to yield an exact result for the polynomials of
degree 2n — 1 by using suitable values of the nodes x; and weights w;,. The accuracy of the
Newton-Cotes and the Gaussian quadrature formulas is lower when the function f(x) has
singularities.
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The Monte Carlo methods for numerical integration are computational algorithms
where the nodes are chosen as pseudo-random or quasi-random numbers in the area of
integration, the unit hypercube (Dimov 2008). The Monte-Carlo and quasi-Monte Carlo
methods are suitable for approximation of multidimensional integrals, since the convergence
of the methods is independent of the dimension (Atanassov & Dimov 1999; Georgieva 2009;
Todorov & Dimov 2016). The generating function of quadrature formula (1.1) is defined as

G(x) = Z wxk.
k=0

The Riemann sum approximation for the definite integral is related to the trapezoidal
approximation and has a generating function 1/(1 — x). The Riemann sum approximation
for the fractional integral of order a has a generating function Li,_,(x), where Li; _,(x), is
the polylogarithm function of order 1 —a. The midpoint approximation is a shifted
approximation with shift parameter h/2. The midpoint approximation has a generating
function /x/(1 —x). Methods for approximation of fractional integrals and derivatives
based on the Fourier transform and the generating function of the approximation have been
studied by (Chen & Deng 2016; Ding & Li 2016; Lubich 1986; Tuan & Gorenflo 1995). In
(Dimitrov 2016) we use the series expansion formula of the polylogarithm function
Li;_,(e*), to derive the expansion formula of the trapezoidal approximation for the
fractional integral of order a. In the present paper we construct second, third and fourth order
approximations for the definite integral with generating functions G, (x) = msec(m vx/2)/4
and G,(x) = mtan(mw vx/2)/(4vVx). The two generating functions G, (x) and G,(x) are
positive, increasing functions and have a vertical asymptote at the point x = 1. The graphs
of the functions G, (x), G,(x) and 1/(1 — x) are given in Figure 1.

10} 10}

2
x4 el

0.5 1 0.5
Figure 1. Graphs of the generating functions G, (x) = msec(m v/x/2)/4 (left, blue) and
G,(x) = mtan(m Vx/2)/(4vx) (right, blue) and the function 1/(1 — x) (red).

The tangent and secant functions have Mclaurin series expansions

o (D Ey
= e 1.
secx 4 (2]{)' xX°, ( 6)
O ()1 — 4B,
t = 2k+1, 1.7
anx i 2k + 2)! x a7
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The radius of convergence of power series (1.6) and (1.7) is |x| < m/2. The first
eight elements of the sequences of Euler and Bernoulli numbers are 1,0,—1,0,5,0, —61,0,-
and 1,-1/2,1/6,0,—1/30,0,1/42,0,---. The Euler and Bernoulli numbers with an odd
index are equal to zero. The sequence of Euler numbers {E,,} is an alternating sequence of
integers, and {B,,} is an alternating sequence of rational numbers. The Bernoulli and Euler
numbers satisfy the asymptotic relation 4™(1 — 4™)B,,, /E,, ~ w/2. Efficient methods for
computation of the Euler numbers, Bernoulli numbers and the series expansions of the secant
and tangent functions are discussed by (Atkinson 1986; Brent & Harvey 2013; Knuth &
Buckholtz 1967). The values of the Euler numbers, Bernoulli numbers and the zeta function
are included in the modern software packages for scientific computing. Denote by E} and B,
the coefficients of the Mclaurin series expansions of the generating functions G, (x) and
G,(x).

= |E2| (”)Zk“ B, = (45 — D)m? 2 By, |
kT ir\2 ' k= 2k + 2)!
In section 2 and section 3 we obtain the fourth-order expansion formulas of the ap-
proximations with generating functions G, (x) and G,(x) and the second-order quadrature
formulas

n-1 b
hfm—-1 _
5(” —f(@+ kz Eef (a+kh) + f(b)> ~ [ reodx+ 0w,

2

The substitution f(x) = f(a + b — x) yields the second-order quadrature formulas
(2.12) and (3.6). In Theorem 2 and Theorem 4 we derive the conditions for the integrand
function, such that the errors of second-order approximations are smaller than the error of the
midpoint approximation. In section 4 we obtain third and fourth order approximations for the
definite integral as linear combinations of approximations (2.12), (2.12), (3.6) and (3.7) and
the trapezoidal approximation

hin?—6 = _ ’
—(” @+ Z Bof(a + kh) + f(b)) - f FO)dx + 0(h?).
k=1 a

2. Second-order quadrature formulas with generating function G4 (x)

In this section we derive the fourth-order expansion formula (2.9) of the
approximation for the definite integral with generating function G, (x) = msec(m vx/2)/4,
and the second-order quadrature formulas (2.12) and (2.13). The generating function of an
approximation is directly related to the result of the Fourier transform of the approximation.
The Fourier transform of the function f(x) is defined as

FIF@)](@) = f(w) = f et F ().

Denote by £~ (x) the definite integral of the function f(x),
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FV@) = f F@)dt,

and by "™ (x) the n-fold integral on the interval (—oo,x]. When the function f(x) is
defined on the interval [a,b] we extend the function to (—oo, b] by setting f(x) = 0 on
(=00, a]. The Fourier transform has properties
Flifx - al(@) = e f(w),  F[fP®)](w) = (-iw)"f(w).

The trapezoidal approximation has a fourth-order expansion formula (1.4)

b
h _ i / o 2 4
ABFG) = [ y@de + 13 (7' ®) = F @I + 00", @1

a
In (Dimitrov 2016) we use Fourier transform to prove the Euler-Mclaurin formula and we
derive the asymptotic expansion formula of the trapezoidal approximation for the fractional
integral. In Lemma 1 and Theorem 1 we derive the fourth-order expansion formula of the
approximation for the definite integral with generating function G, (x). From the Mclaurin
series of secant (1.6) we obtain

T x| 1xo (—1)"Ey, sy 2n+t .
_r -\ B , 2.2
6100 4sec< 2 ) 24, @n)! G = (22)
n=
Denote by H, (x) the function
T e /2
H;(x) = xG,(e™) = szec( 5 )
The function H; (x) has a first derivative
T me*/2\ g2 me™*/2 me™*/2
H’l(x)=zxsec( 5 )—Exe‘x/zsec< 5 )tan( 5 > (2.3)

Now we use L’Hospital’s rule to compute the values of the functions H; (x) and H'; (x) at
x = 0. Substitute

I3 =21 (2y> 2.4
y = 2e , X = n - . ( . )
Then
2
H.(0) = I X e /2 _T —Zln(?y) _T 1 1
! = oot 4 Sec 2 - 4;%1_ cosy 2 yi%l_y siny

From (2.3) and (2.4)

T m (cosy +yIn(2y/m) sin
H{(x)=Z(secy+y1n(2y/n)tany)=—< Yy y>,

4 cos?y
m  cosy+ylnQy/m)siny w _  (ycosy+siny)In(2y/m)
H{(0) = — lim_ > =— lim - ,
4 y-2 cos®y 4 y_)% —sin 2y
m  cosy+2cosyln(2y/m) +siny /y —yIn(2y/m)siny 1
H{(0) = — lim_ =,
4 yﬁ% —2cos2y 4

Similarly, we obtain the values of the second and third derivatives of the function H; (x)
at the point x = 0.
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7.[.2 2
Hy'(0) = a8 H{"(0) = T 64
The function H; (x) has a fourth-order Mclaurin series expansion
H()_nx e /2 _1+1 +2+7r2 , T Lo, .
1(x) = —sec > = 2* 96~ 384x x (2.5)
Denote by Aj f(x) the quadrature formula W1th generatlng function G, (x).
( 1)*E 2k+1
A f ) = Z BfG-k) =5y () fe-kw. @6

Approximation (2.6) has welghts Ej./2 which are the coefficients of the Mclaurin series of
the generating function G;(x). In Theorem 1 we use Fourier transform to show that the
coefficients of the fourth-order expansion formula of (2.6) at the endpoint x = b are the
coefficients of the Mclaurin series of the function H,(x). The method is used in (Chen &
Deng 2016; Dimitrov 2016; Ding & Li 2016; Lubich 1986; Tadjeran et al. 2006; Tuan &
Gorenflo 1995) for construction of approximations of fractional integrals and derivatives. In
(Dimitrov 2014) we discuss the conditions for the function f(x) at the point x = a for the
Griinwald approximation of the Caputo derivative. The n-th order approximation for the
definite integral at the point x = b requires that the value of the integrand function and its
derivatives of order 1,2,---,n — 1 at the point x = a are equal to zero.

Lemma 1 Let f € C*[a,b] and f™(0) = 0 forn = 1,2,3, ... Then
b

s 1 2+ 1'[2 , X . s .
Apf(x) = ff(x)dx +Zf(b)h + f'(b)h* — f (k> +0(h*).  (2.7)

384
Proof. By applymg Fourier transform to Ay f(x) we obtam

FLAT())(@) = 52 By el f(w) = TZ B (") (@),
From (2.2) and n - o we obtain_0 =
h . . ioh\
FLASf(0)](w) = ﬂT sec (g e”*’h/z) flw) = - % (—iwh) sec (g eT> f(w).
Substitute x = —iwh in (2.5)
S 1 24w
FL A (Ol (w) = ((—lw) +oh+t

By applying inverse Fourier transform we obtam
b

( iw)h? _ﬁ( iw) h3>f(w)+0(h4)

1 2 +m?
FLAf ()] (w) = ff(x)dx + Zf(b)h + 96 f'(b)n* — f”(b)h3 +0(h").

384
a
In Theorem 1 we show that the fourth-order expansion formula of quadrature formula
A3 f (x) at the left endpoint x = a is given by the Euler-Mclaurin formula.

Claim 1 Letn = 10. Then
3+l > s, (2.8)
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Proof. Let F(n) = (n+1)In3 —5Inn. The first derivative F'(n) =In3 —5/n is
positive for n > 5/1n 3. We have that F(10) > 0. When n = 10 we obtain
(n+1)In3-5lnn>0, 3! >ns,

Theorem 1 Let f € C*[a, b]. Then

ﬁ - (—1DKEy, (E)2k+1
Zk—o (2k)! \2

2+m
_ = 2
( ) f(a))h i
Proof. The Euler numbers satisfy (Borweln et al. 1989)

had (_1)1 B (—1)kE2kT[2k+1
> (21 + 1)2k+1 - 22k+2(2k)!

; 1 1
Fb— kh) = f fFood+ (3 ®) -3/ @)h+

2

—f"(b)h® + 0(h*). (2.9)

(2.10)

Then

1 E, 1 1
3k+1 2 3k+1 + W’
1 1 E. 1
Let m = [n/2] and A}, f (x) be the Riemann sum approximation for the definite integral
on the interval [a, b/2].

n—-1

AfG) = ) b~ kh).
From the Euler-Mclaurin formula, the fourth-order expansion formula of A} f (x) at the
left endpoint is
a a
L) = - L2 L8 e 4 ogney

Denote by A}, f (x) the approximation for the deﬁmte integral on the interval [a, b/2],
obtained from (2.6) with coefficients E} /2, where m< k <n-—1.

1)E, 2k+1
Aif o) = ZEkf(b ey =2 ((Z)T),"(Z)

Let M = maXyeq,p) If(x)l Now we estlmate IAhf(x) AL f()).

f(b — kh).

ALf () = Af () = h Z (1 - —")f(b — kh),

AL () — ALF GO = hz (1 ——) (b — kh)| < Mh (1__)
k=m

From (2.11)
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Ey 1
0<1_7<WSW‘ m<k<n-1).
Hence

, . Mhm Mhm _16Mh 16Mh(b—a)* 16MhS
|4 f (x) — AR f ()l < 3m < s < Ve b —a)nt = b —a)*

Therefore, the fourth-order left endpoint expansions of Ay f (x) and A}, f (x) satisfy
@, @, o,
Ly(ALf (%)) = Ly(A'Lf (%)) = _Th _Th + 0(h*).

In Lemma 1 we show that the coefficients of the fourth-order expansion formula at the
point x = b of the approximation with generating function G;(x) are equal to the
coefficients of the McLaurin expansion of the function H, (x). In Theorem 1 we prove that
the fourth-order expansion formula of A3 f(x) at the left-endpoint is equal to the Euler-
McLaurin formula. The results of Lemma 1 and Theorem 1 can be generalized to higher
order expansion formulas. We have that E, = /2. From (2.9) we obtain the second-order
quadrature formula

s _ h - _ T—1 _ ’ 5
A =5 | @)+ kz Bf - k) + =) ) = [ fdx + 00, @12)

The sequence of numbers {E), }7, is increasing and converges to 2. The substitution

f(x) = f(a+ b — x) yields the second order quadrature formula

n-1 b
_ him—1 _ _ _ _
ASF(x) = E(Tf(a) + ) Efa+kh) + f(b)) = ff(x)dx +o(h?). (213)
k=1 a
In Table 1 we compute the error and the order of approximations (2.12) and (2.13) for
the definite integral of the functions cosx, In(x + 1) and arctan x. In Theorem 2 we derive
the condition for the integrand function such that the errors of second-order approximations
(2.12) and (2.13) are smaller than the error of the midpoint approximation. The midpoint
approximation has a fourth-order expansion (1.5)

b
1
Al @) = [ FGdx = o (716 = F @) + 00", (214)

The first and second derivatives of the function f(x) satisfy

ff@==f'®), f®)=-f@, f'@=f'®), f'®=f'(. (2.15)
From (2.9) and (2.15) we obtain the third-order expansions of (2.12) and (2.13)

s : 2+ 72 , 1, X s

w30 = [ f@dx+ (S5 F0) - 15 7@ |07 + 0@, 2.16)
ab

_ 1 2 2

AF0) =Jf(x)dx+<ﬁf’(b)— ;6" f’(a)> h? + 0(h?). (2.17)

Theorem 2 Let f € C?[a, b]. Then
(i) The error of approximation (2.12) is smaller than the error of the midpoint
approximation when the integrand function f(x) satisfies
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f'(b) . ( 4 12
flla) \m2-2"'n2+6
(if) The error of approximation (2.13) is smaller than the error of the midpoint
approximation when the integrand function f(x) satisfies
fb) (mE+6 =2 = (1.3225,1.9674 2.19
f'(a) 1z g )T (1322519674). (2.19)
Proof. From (2.14) and (2.16) the error of approximation (2.12) is smaller than the
error of the midpoint approximation when

) = (0.5683,0.7562). (2.18)

2 +m? ‘b 1 1 ‘b , 220
s 0) @ < 37 If B~ f@L. (2:20)
Denote R = f'(b)/f'(a).
2+ m?
R—2|<|R—1|.

The two equations R — 1 = £((2 + #?)R/4 — 2) have solutions R’ = 4/(n? — 2) and
R"” = 12/(m? + 6). Therefore the error of approximation Ay f(x) is smaller than the error of
the midpoint approximation when the function f(x) satisfies the condition

f'(b) 4 12
i@ < <7‘[2 —2'nr 6)'

The error terms of (2.16) and (2.17) contain third-order terms (h3) . Inequality (2.20) is
satisfied when the step size h is a small positive number. Similarly we show that, the error of
approximation A3 f(x) is smaller than the error of the midpoint approximation when the
function f(x) satisfies (2.19).

Let f;(x) = e™*/3 and f,(x) = e*/? on the interval [0,1]. The functions f; (x) and f,(x)
satisfy conditions (2.18) and (2.19), because
(1 (1
w = e"1/3 = 0.7165, fz,( ) _ ¢1/2 = 16487,
£(0) £2(0)
In Table 2 and Table 3 we compare the error and the order of approximations (2.12) and
(2.13) with the error and the order of the midpoint approximation of the definite integral of
the functions e=*/3 and e*/2 on the interval [0,1].

Table 1.
Error and order of second-order approximation (2.12) for the definite integral of the
functions f(x) = cos x on the interval [1,3], f(x) = In(x + 1) on [0,2] and approximation
(2.13) for f(x) = arctanx on [0,3].

h cos x In(x+1) arctan x
Error Order | Error Order Error Order
0.025 0.000026603 | 2.0083 | 0.00002628 1.9973 0.00007206 | 1.9995

0.0125 6.63x10° 2.0044 | 6.58x10° 1.9987 0.00001802 | 1.9998

0.00625 1.66x10° 2.0022 | 1.64x10° 1.9994 | 450x10° | 1.9999

0.003125 | 4.13x10® 2.0011 | 4.11x107 1.9997 1.13x10° | 2.0000

Source: Own calculations
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Table 2.

Error and order of approximation (2.12)[left] and the midpoint approximation (1.3)[right]

for the definite integral of £(x) = e=*/3 on [0,1].

h Error Order h Error Order
0.025 1.13x10° 2.0233 0.025 2.46x10° [ 1.9999
0.0125 2.78x107 2.0120 0.0125 6.15x107 | 2.0000
0.00625 6.90x107 2.0060 0.00625 | 1.54x10" | 2.0000
0.003125 | 1.72x10° 2.0030 0.003125 | 3.84x10° | 2.0000

Source: Own calculations
Table 3.

Error and order of approximation (2.13)[left] and the midpoint approximation (1.3)[right]

for the definite integral of f(x) = e*/2 on [0,1].

h Error Order h Error Order
0.025 4.20x10° 1.9643 0.025 8.45x10° | 1.9999
0.0125 1.07x10° 1.9827 0.0125 2.11x10° | 2.0000
0.00625 2.67x107 1.9915 0.00625 | 5.28x107 | 2.0000
0.003125 | 6.69x10® 1.9958 0.003125 | 1.32x107 | 2.0000

Source: Own calculations

3. Second-order quadrature formulas with generating function G, (x)

In this section we use the McLaurin series expansion of tangent to derive the fourth-order
expansion formula (3.3) of the approximation for the definite integral with generating
function G,(x) = mtan(mv/x/2)/(4 vVx) and the second-order quadrature formulas (3.6) and

(3.7). From (1.7)

m/x _
tan( > )-

i (—0)k(1 — 4%)B,,

6

The function G, (x) has a McLaurin series expansion

-1
x@k=1/2,

(Jx] < 1).

T (- 4)k+1(1—4k+1)32k+2 T\ 2k+2
G(x) _Tta ( ) zz 2k + 2)! I
( 1) (4k+1 1)7T2k+282k+2
G,(x) = ZBk - G k G.1)
Let
e ¥/2

H,(x) = xG,(e™™*

x/2

tan

Similarly to section 2, we determine the values of the derivatives of the function H,(x) at

x =0.

Hz(o) =1,

The function H, (x) has a fourth-order McLaurin series

, 3
Hz (0) = Z'

13 — r?

24

HY'(0) =

12 — r?
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H()—1+3 +13_7T2 2+12_7r2 3 +0(xY
2X) = 4x 48 X 192 X X").

Denote by
., he -
ALF@) =3 ) Bf (b= kh),

the approximation for the definite integral with a generating function G, (x). In Lemma 2
and Theorem 3 we obtain the fourth-order expansion formula of approximationA? f (x).

Lemma 2 Let f € C*[a, b] and f™(0) = 0 for n = 0,1,2,3. Then
b

ol yk(akHt1 _ q\p2k+2
A =5 3 P R g = [ o+
k=0

(Zk +2)!

a

f”(b)h3 + 0(h*). (3.2)

3
2 rom+ 2 e +

192

Theorem 3 Let f € C4[a b]. Then
h -1
Af) =3 Bef (b= kh) = f FoOdx + ( F6) - 3@ )+
k=
13 - b b 4+ 72
) - pa) 1+

The Bernoulli numbers are expressed with values of the zeta function as
2k + 2)!

f"(b)h* + 0(h*). 3.3)

Boksz = 2(=1)*¢(2k + 2) amier (3.4)
Then
_ -1 k 4k+1 -1 n.2k+ZB 4k+1 -1
Bo= Sk ¢(2k +2),
k (2k +2)! 4ic+1
Bk
2 (1 N 4k+1> {2k +2). (3.5)
When k > 1, the zeta function satisfies (Kouba 2013)
1 2 1 3
{(2k) < 1+ﬁ+2k 122k 1+—
Hence

By 1 3 2
7 = (1 4k+1) ((Zk + 2) < ( 4k+1) (1 + 4k+1) <1+ 4k+1"

The proofs of Lemma 2 and Theorem 3 are similar to the proofs of Lemma 1 and
Theorem1. The value of By is By = w2 /4. From (3.3) we obtain the second-order quadrature
formula
2 _

h - _ T 6 :
OE §<f(a) + D Bef (b—kh) + f(b)> - [ feadx+ 0. Go)
k=0 a
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From (3.5), we can express the formula for approximation A% f (x) as

(f( %) Z (1 - 4k+1) ¢k +2)f (b — kh) — &> = ff(x)dx +0(h®).

k=0
The substitution f(x) = f(a + b — x) yields the second-order quadrature formula

. h({n? -6 S
Anf(x) = 5 7 fla) + Z B.f(a+kh)y+ f(b) | = ff(x)dx + 0(h?). (3.7)
k=0

In Table 4 we compute the error and the order of approximations (3.6) and (3.7) for the
definite integral of the functions cos x,In(x + 1) andarctan x. In Theorem 4 we determine
the conditions for the function f(x) which ensure that the error of quadrature formulas (3.6)
and (3.7) is smaller than the error of the midpoint approximation. From (3.3) approximations

AT £(x) and AT f (x) have third-order expansion formulas

13 —n?
ALf(x) = ff(X)dx + ( f'(b) - Ef’(él)) h? + 0(h?), (3.8)

AT f(x) = ff(x)dx +< f' "(a )hz + 0(h?). (3.9
Theorem 4 Let f e C?[a, b]. Then
(i) The error of approximation (3.6) is smaller than the error of the midpoint
approximation when the integrand function f(x) satisfies

U0 € ( 6 2 ) = (1.1695,1.7693) 3.10
f'(a@) \15-n2"11—-m2/ " ' (3.10)
(i) The error of approximation (3.7) is smaller than the error of the midpoint
approximation when the integrand function f (x) satisfies

fb) (= 15777 () 5652,0855) 3.11
@ R = (0. ,0. . (3.11)

Proof. From (2.14) and (3.9) the error of approximation A%} f(x) is smaller than the error
of the midpoint approximation when

1 13—-m
|Ef'(b) f (@) <—|f () = f(@)].

Denote R = f'(b)/f'(a). Then 2|R + (7% — 13)/4| < |R — 1|. The equations 1 — R =
+(R + (% — 13)/4) have solutions: R’ = (11 — m?)/2 and R"” = (15 — n?)/6. The error
of approximation (3.7) is smaller than the error of the midpoint approximation when the
function f(x) satisfies the condition

f'(b) (11 —m? 15— m?
f’(a)e( N )

Similarly, the error of approximation (3.6) is smaller than the error of the midpoint

approximation when the function f (x) satisfies (3.11).

The functions f(x) = e*? and f(x) = e~*/3satisfy conditions (3.10) and (3.11) on the
interval [0,1]. In Table 3.2 and Table 3.3 we compare approximations (3.6) and (3.7) with
the midpoint approximation of the functions e ™*/3 and e*/? on the interval [0,1].
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Table 4.
Error and order of second-order approximation (3.6) for the definite integral of the
functions f(x) = cos x on the interval [1,3], f(x) = In(x + 1) on [0,2] and approximation
(2.13) for f(x) = arctanx on [0,3].

h cos x In(x +1) arctan x
Error Order | Error Order Error Order
0.025 0.000038246 | 2.0065 | 0.00002628 1.9973 0.00003556 | 2.0006

0.0125 9.54x10° 2.0032 | 6.58x10° 1.9987 8.89x10° | 2.0002

0.00625 2.38x10° 2.0016 | 1.64x10° 1.9994 2.22x10° | 2.0001

0.003125 | 5.95x107 2.0008 | 4.11x107 1.9997 5.56x107 | 2.0000

Source: Own calculations
Table 5.

Error and order of approximation (3.6)[left] and the midpoint approximation (1.3)[right]
for the definite integral of f(x) = e*/2 on [0,1].

h Error Order h Error Order
0.025 7.63x10° 1.9643 0.025 8.45x10° | 1.9999
0.0125 1.90x10° 1.9827 0.0125 2.11x10° | 2.0000
0.00625 4.73x107 1.9915 0.00625 | 5.28x107 | 2.0000
0.003125 | 1.18x10 1.9958 0.003125 | 1.32x107 | 2.0000

Source: Own calculations
Table 6.

Error and order of approximation (3.7)[left] and the midpoint approximation (1.3)[right]
for the definite integral of f(x) = e=*/3 on [0,1].

h Error Order h Error Order
0.025 1.17x10° 2.0233 0.025 2.46x10° [ 1.9999
0.0125 2.89x107 2.0120 0.0125 6.15x107 | 2.0000
0.00625 7.20x107 2.0060 0.00625 | 1.54x10" | 2.0000
0.003125 | 1.79x10° 2.0030 0.003125 | 3.84x10° | 2.0000

Source: Own calculations

4. Higher-order quadrature formulas

In section 2 and section 3 we obtained second-order quadrature formulas (2.12), (2.13),
(3.6) and (3.7). The trapezoidal approximation has a fourth-order expansion formula (2.14).
From Theorem 1, Theorem 3 and (2.15), approximations (2.13) and (3.7) have fourth-order
expansion formulas

n-1 b

_ hfim—1 _

A () = 5(”7;‘(@ + D Eef(atkh)+ f(b)) — [ Feax -
k=1 a

2+m "(@)h? n R + - F (D)2 + O(hY)
9 (@ 382/ @ 2/ ’
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h({n*—-6 n_l_ ;
A_Ef(x)=§< 7 f(a)+Zka(a+kh)+f(b)>=J-f(x)dx—
13 — r? ,k=12 12 —nm* s (i ) 5 .
18 f'(a)h* + 192 f"(a)h +Ef (b)h* + 0(h*).

By substituting K = n — k in (2.12) and (3.6) we obtain

n-1 b
h _ —
A =5 (f(a) + KZ Eef(a+KR) + "Tlﬂb)) - [ reoax -

1, , 2 +n? 5 n* s .
Ef (@)h* + 96 f'(b)h —@f (b)h®> + 0(h*),
h = _ T—1 :
ALf(x) = E(f(a) + Z Byf(a+ Kh) +Tf(b)> = ff(x)dx -
1 ,Kl ) 13 — 12 , ) 12—7‘:’12 " 3 4
Ef (a)h* + 13 f'(b)h* + 192 f""(b)h® + 0(h*).

4.1 Third-order quadrature formulas

Similarly to the construction of the Simpson’s approximation we construct third and
fourth order approximations (4.2), (4.3) and (4.4) for the definite integral as linear
combinations of the trapezoidal approximation (1.2) and approximations (2.12), (2.13), (3.6)
and (3.7). Let

BYf(x) = coAtf (%) + 1 A f (x) + ¢, A5 f (%),
where, the numbers c; satisfy the system of equations
Cgt+ct+c, =1,
8¢+ (2 + 1)y + 8¢, =0, (4.1
8¢y + 8¢, + (2 + m?)c, = 0.

The condition ¢, + ¢; + ¢, = 1for the coefficients c; ensures that BXf(x) is an
approximation for the definite integral. The second and third equations of (4.1) are chose
such that the second order terms of B f (x) at the endpoints x = a and x = b are equal to
zero. The system of equations (4.1) has the solution

10 + m? 8
CO=—7T2—6 64 =0 =6—T[2-

With this choice of the coefficients c;, approximation B2 f(x) for the definite integral

has third-order accuracy

n-1 b
BIF(0) = (wo (F@+FB) + ) wef(a+ kh)) - [ reodx+ o). (42)
w2t —6 e J
The weights of approximation B2 f(x) satisfy

1 — j—
Wy =E(T[2_4T[+6)' Wk=7T2+10_4(Ek+En—k), 1<k<n-—k).

Similarly, we construct a third-order approximation B f (x) for the definite integral as a
linear combination of the trapezoidal approximation and approximations (3.6) and (3.7). Let
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BYf(x) = oA f (%) + 1AL F () + ¢, AL f (),

where, the numbers c; satisfy

CO + Cl + C2 = 1,

4cy + (13 — %)y + 4c, =0,

4cy + 4¢ + (13 — )¢, = 0.
The system of equations has the solution

w2 —17 4
T g AT 2T g

We obtain the third-order approximation B2 f(x) for the definite integral

n-1 b
Bif(x) = P (wo(f(a) +f(b) + kZkaf(a + kh)) = ff(x)dx +0(h%). (43)
Wy = %(27‘[2 - 19), Wi = T[z —-17 + Z(Ek + En—k)' (1 < k <n-— k)

In Table 7 and Table 8 we compute the error and the order of approximations (4.2) and
(4.3) for the definite integral of the functions cos x, In(x + 1) and arctan x.

4.2 Fourth-order quadrature formula

We construct a fourth-order quadrature formula as a linear combination of the
trapezoidal approximation and approximations (2.12), (2.13), (3.6), (3.7). Let

B f(x) = oAb f () + 1AL f (X)) + A5 f (%) + c3ALf (%) + ¢, AL f(x).
Approximation B f (x) has a fourth-order accuracy when the coefficients c; satisfy
C0+C1+C2+C3+C4: 1,
8¢y +8c; + (2+ m2)c, +8¢c;3 +2(13 —¥)c, = 0,
8¢y + (2 + m¥)c, + 8¢, +4(13 —?)c; + 8¢, =0,
m?cy + 2(m? — 12)c, = 0,
m2c; + 2(m? — 12)c; = 0.
Let D = 2n* — 27m? + 72. The system of equations has the solution
2m* — 1972 — 120 4(12 — m?) 4m?
Co = D ,C1=C2=T,C3=C4=T.
With this choice of the coefficients c; we obtain the fourth-order approximation for
the definite integral

h n-1 b
BIFGO = 3 wolf @ + FO) + ) wif @+ ki) | = [ fGdx+ 0. 4y
k=1 a

where wy = (3n* — 43 — 25n2 + 48w — 72) /2 and
wy = 2% — 1972 — 120 + 4(12 — n2)(Ey + Ep_y) + 21%(Ey + Epy),
for1 <k <n —k.In Table 9 we compute the error and the order of approximation
(4.4) for the definite integral of the functions cos x, In(x + 1) and arctan x.
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Table 7.
Error and order of third-order approximation (4.2) for the definite integral of the functions
f(x) = cosx,In(x + 1),arctanx on the interval [10,30].

h cos x In(x +1) arctan x
Error Order | Error Order Error Order
0.025 0.00060862 | 3.0494 | 7.57x10° 2.9722 1.63x10° 2.9498

0.0125 0.00007386 | 3.0427 | 6.58x107 2.9857 2.07x107 2.9740

0.00625 9.07x10° 3.0261 | 1.64x107 29928 | 2.61x10% | 2.9868

0.003125 | 1.22x10° 3.0143 | 4.11x10® 2.9969 | 3.28x10° | 2.9945

Source: Own calculations

Table 8.
Error and order of third-order approximation (4.3) for the definite integral of the functions
f(x) = cosx,In(x + 1) ,arctanx on the interval [10,30].

h Cos X In(x + 1) arctan x
Error Order | Error Order Error Order
0.025 0.00058322 | 3.0509 | 7.28x10° 2.9735 1.57x10° 2.9520

0.0125 0.00007083 | 3.0416 [ 9.19x10° 2.9864 1.99x10”" 2.9752

0.00625 8.70x10° 3.0251 | 1.15x10° 2.9930 2.51x10°% | 2.9872

0.003125 | 1.08x10° 3.0137 | 1.45x107 2.9953 3.16x10° | 2.9909

Source: Own calculations
Table 9.

Error and order of third-order approximation (4.4) for the definite integral of the functions
f(x) = cosx,In(x + 1),arctanx on the interval [0,30].

h cos x In(x +1) arctanx
Error Order | Error Order Error Order
0.025 0.00016129 | 4.1502 | 0.00014554 3.3684 0.00017815 | 2.7198

0.0125 9.20x10° 4.1317 | 0.00001189 | 3.6129 | 0.00001474 | 3.5951

0.00625 5.43x107 40828 | 1.64x10" 3.7781 ] 9.99x107 | 3.8829

0.003125 | 3.29x10° 4.0469 | 4.11x10° 3.8583 6.33x10° | 3.9805
Source: Own calculations

5. Conclusion

In the present paper we obtained second, third and fourth order quadrature formulas
based on the expansion formulas of the approximations for the definite integral with
generating functions msec(m vx/2)/4 and mtan(mvx/2)/(4Vx). In Theorem 2 and
Theorem 4 we derive the conditions for the integrand function which ensure that the error of
second-order quadrature formulas (2.12), (2.13), (3.6) and (3.7) is smaller than the error of
the midpoint rule. In future work we are going to extend the results of this paper to
multidimensional and fractional integrals.
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